In the paper we introduced a grand grand Nikolskii-Morrey spaces. Some differential and differential-difference properties of functions from this spaces are proved by means of the integral representation.
Introduction and preliminary notes
It is known that in the middle of the last century, in connection with the study of the regularity properties of differential equations with partial derivatives of a high (integer and non-integer) order, it became necessary with the introduction of Sobolev W l p (G) (l ∈ N n ) [20] and Nikolskii H l p (G) (l ∈ (0, ∞) n ) [15] spaces, etc. These spaces were further developed and generalized by many mathematicians. Considering that the grand grand Nikolskii Morrey H l p)κ),a,α (G, λ) spaces introduced in this paper is wider than all previously considered spaces of this type, it will be interesting to readers.
In this paper we construct a grand grand Nikolskii-Morrey spaces H l p)κ),a,α (G, λ) and we study some differential properties with help of the method of integral representation of functions in view of embedding theory. Let G ⊂ R n be a bounded domain, l ∈ (0, ∞) n , p ∈ (1, ∞) ,a ∈ [0, 1],κ ∈ (0, ∞) n and α ≥ 0.
Note that the grand Lebesgue spaces L p) (G) (|G| < ∞) introduced in [5] by T.Iwaniec and C.Sbordone. After a vast amount of research about grand Lebesgue, grand Lebesgue-Morrey, grand-grand Lebesgue-Morrey, grand-grand Sobolev-Morrey spaces (with different norms) has been studied by many mathematicians, (see, e.g. [3, 4, 6-11, 13, 16, 18, 19, 21] ) e.t.c. Definition 1. By grand grand Nikolskii-Morrey spaces H l p),κ),a,α (G, λ) we denote the spaces of all functions f ∈ L loc 1 (G) (m i > l i − k i > 0, i = 1, 2, . . . , n) with the finite norm
The Nikolskii-Morrey space H l p,λ (R n ) and Nikolskii-Morrey type space H l p,ϕ,β (G) studied in [1, 17] . Also note that in this paper, in theorem 2.2 it was proved that the Holder "index" is larger than in [1, 12, 14] .
Note that some properties of spaces L p),κ),a,α (G) and H l p),κ),a,α (G, λ) .
where H l p (G, λ) is grand Nikolskii space with finite norm
Assume 0 < T ≤ 1, λ = (λ 1 , . . . , λ n ) , λ j > 0 (j = 1, 2, . . . , n) , and put
Clearly, V ⊂ I T λ and let U be an open set contained in the domain G; henceforth we always assume that
where
Then for anyx ∈ U the following inequalities
is hold, where and U γ κ (x) = x : |x j −x j | < 1 2 γ κ j , j = 1, 2, . . . , n , C 1 and C 2 are constants independent of f, γ, η and T .
Proof. Applying sequentially the generalized the Minkowskii inequality for anyx ∈ U
and from the Hölder inequality (q ≤ r) we obtain
Now estimate the norm ϕ i (·, t) r−ε,U γ κ (x) . Let X be a characteristic function of the
and apply to |ϕ i | the Holder inequality 
From inequalities (13)-(17) for r = q that
Unseating this inequality in (12) , for allx ∈ U, we see that
Similarly, we can prove (10) and (11).
Main results
.
We proved two theorems on the properties of the functions from spaces H l p),κ),a,α (G, λ). Theorem 1. Let G ⊂ R n be an open bounded set satisfy the flexible λ− horn condition (see [2] ); 1 < p < q ≤ ∞; |κ| ≤ λ+αε 1+a ; ν = (ν 1 , . . . , ν n ), ν j ≥ 0 are integers (j = 1, . . . , n); µ i > 0(i = 1, 2, . . . , n) and let f ∈ H l p),κ),a,α (G, λ). Then D ν : H l p),κ),a,α (G, λ) → L q−ε (G) hold for any ε ∈ (0, s m ), and moreover, the following inequality is valid
In particular, Proof. At first note that in the conditions of our theorem there exists a generalized derivatives D ν f on G Indeed, from the conditionμ i > 0 (i = 1, 2, . . . , n) it follows that for f ∈ H l p),κ),a,α (G, λ) → H l p) (G, λ) → H l p−ε (G, λ) (p − ε > 1). Then D ν f exists on G and belongs to L p−ε (G) and for almost each point x ∈ G the integral representation in [2] .
0 < T ≤ d 0 and Ω (·, y) , Ψ i (·, y) ∈ C ∞ 0 (R n ) , S i (·, y, z) ∈ C ∞ 0 (R). Recall that the flexible λ− horn and x + V is the support of the representation (21) and (22) . Applying the Minkowski inequality, from identities (21) and (22) we get
By (11) 
by (11) 
Substituting (25) and (24) in (23), we get inequality (19) . Now let conditionsμ i,0 > 0 (i = 1, 2, . . . , n). Show that D ν f is continuous on G. By (21) and (22), using (23) for q = ∞ andμ i (q = ∞) =μ i,0 > 0 (i = 1, 2, . . . , n) we obtain
As T → 0, the left side of this inequality tends to zero, since f (ν)
T λ (x) is continuous on G and the convergence in L ∞ (G) coincides with the uniform convergence. Then the limit function D ν f is continuous on G. Theorem 2.1 is proved.
Let ξ be an n− dimensional vector. Theorem 2. Suppose that the domain G the parameters p, q and vector ν satisfy the condition of theorem 2.1. Ifμ i > 0 (i = 1, . . . , n) then D ν f satisfies the Holder condition with exponent σ on G in the metric of L q−ε ; more exactly ∆ (ξ, G) D ν f q−ε,G ≤ C(ε) f H l p),κ),a,α (G,λ) |ξ| σ ,
σ is an arbitrary number satisfying the inequalities:
whereμ 0 = min (μ 1 ,μ 2 , . . . ,μ n ) , λ 0 = max λ j j=1,...,n .
